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Abstract 
We study financial market incompleteness induced by discontinuities in asset returns. When 
there are multiple outcomes for a discontinuity, it is shown that this incompleteness cannot be 
removed by the introduction of extra securities. Claims cannot be hedged and are thereby not 
uniquely priced by arbitrage. We characterize the family of martingale measures associated with 
this form of incompleteness and discuss issues of existence and uniqueness for important special 
cases. Finally, using methods of stochastic ontrol, we apply these results to derive replicating 
policies for arbitrary contingent claims and thereby relate the prices of contingent claims to the 
family of measures. 
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1. Introduction 
The relationship between price functionals, market completeness and the existence 
of equivalent martingale measures is a well-studied topic since the early papers of 
Harrison and Kreps (1979) and Harrison and Pliska (1981). Indeed, in markets with a 
finite set of  traded securities, the existence of a unique martingale measure is equivalent 
to market completeness, which implies that any contingent claim can be replicated 
exactly. The martingale measure gives rise to a price functional that is consistent with 
the hedging price of claims. For markets with a continuous flow of information, driven 
by Brownian motions, a sufficient condition to ensure market completeness i that the 
number of risky securities traded in the market is equal to the number of sources of 
uncertainty, leading to a spanning property. When the number of securities is strictly 
less, the market is incomplete and there may be a family of martingale measures, the 
existence of which is never in doubt. 
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The analysis is not as straightforward when asset retums are allowed to have discon- 
tinuities. While the general observations regarding the relationship between martingale 
measures and hedging remain true, the existence of the measures is not assured in ev- 
ery case and certain additional conditions may be required. Moreover, as is shown in 
Section 2, when the discontinuities can have unpredictable size, the market is always 
incomplete, implying that in general contingent claims cannot be hedged. Thus, even 
in the simplest case, we have a whole family of martingale measures that are possible 
price functionals. 
Intuitively, it is not surprising that hedging is not possible. Consider the mechanics 
of hedging a claim. At any time, we choose a position in the underlying securities uch 
that for any move in the securities, the value of the claim moves in the right amount 
to offset it. In the continuous case, the correct position is the instantaneous derivative 
of the value of the claim with respect o the underlying asset prices. If  there can be 
a jump, then we have to find the right mix to offset the effect of the jump. This is 
possible if the jump size is predictable, i.e., we do not know if a jump will occur, but 
if it does, we know its intensity. In that case, we choose the portfolio mix in a manner 
to offset the effect of the possible jump size at that moment. If, however, there may 
be more than one jump possibility, then we cannot offset both moves, since we have 
only one portfolio mix to choose. If we are insured against one jump move, we will 
typically not be insured against another, since the claim value is a non-linear function 
of asset price. This phenomenon has been observed, for instance, by Merton (1976), 
among others. 
Our objective in this paper is to characterize the family of martingale measures by 
treating the market as an incomplete market. These measures yield a set of pricing 
measures under which contingent claims can be priced. Each measure can also be 
related to an auxiliary market where the asset price distributions are modified. The 
modification is identified by a triple (v,O,~p), where v is the modified drift of the 
diffusion uncertainty, 0 is a modification to the rate of arrival of jumps and ~p is a 
modification to the distribution of jump sizes. To give rise to a martingale measure, 
the triple is constrained to satisfy an equality condition. The equality then allows us 
to identify sufficient conditions for the existence of martingale measures. When there 
are as many sources of uncertainty as there are risky assets, the sufficient condition 
is necessary as well. Though there are a number of measures, all the measures are 
identical in integrals against linear payoffs, which explains why linear payoffs can be 
hedged while other payoffs cannot. Further, when jumps are predictable and there are as 
many securities as sources of uncertainty, we confirm the intuition that there is a unique 
martingale measure and the market is complete. The necessary and sufficient condition 
for existence of martingale measures, that was obtained in Aase (1988), Bardhan and 
Chao (1993, 1995), Jeanblanc-Picque and Pontier (1990), Shirakawa (1992), and Xue 
(1991), is recovered. Finally, the family of measures are used to obtain a replicating 
policy in the incomplete market. Using the stochastic ontrol methods introduced by 
E1 Karoui and Quenez (1992), we show that one can find a portfolio-consumption pair 
that dominates the claim with some extra consumption. The value of this policy is 
then above the value of the claim under any martingale measure and thereby provides 
a bound on the fair price of the claim. 
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In the traditional problem of incomplete markets with diffusion uncertainty, the aux- 
iliaD' markets identified with the martingale measures can be thought of as completed 
markets that are achieved by introducing new assets into the incomplete market. These 
assets enable hedging and give rise to a pricing functional which corresponds to the 
measure. If one of the hedging policies in the completed market is available in the 
incomplete market, the claim is attainable and is priced according to the value in that 
completed market. This is true even in the case of predictable jump sizes. When there 
are unpredictable jumps, however, no such completion exists, since the auxiliary mar- 
kets also have jump diffusion uncertainty, which means that they cannot be complete 
for the same reasons that the original market was incomplete. The auxiliary markets 
instead have to be viewed as markets in which the prevailing beliefs about the states 
of nature are governed by the equivalent martingale measure, which induces agents to 
behave in a risk-neutral manner. Claims are then priced by a simple expectation and 
discounting of their payoffs. This however does not give us any insight into hedging, 
per se, since there are no hedging policies in these markets. After all, risk-neutral 
agents have no incentive to hedge. 
The rest of this paper is organized as follows. In the next section we use a simple 
example to show that when there is unpredictable jumps, financial market is always 
incomplete. Section 3 introduces the financial market considered in the paper, and 
Section 4 characterizes the class of martingale measures for the market. In Section 
5 we discuss several special cases, and obtain further insight regarding existence and 
uniqueness of martingale measures. In Section 6 we apply these results in constructing 
financial portfolios. Finally, the technical proofs of several theorems are given in the 
appendix. In terms of notation, for any vector a ~ (a l , . . . ,a , ) ,  we use a 1 to denote the 
vector (l/a1 . . . . .  1/a,,), and a T the transpose vector. For any two n-dimensional vectors 
a and b, we denote componentwise multiplication as a eb ~ (al bl . . . .  , anb,,). Moreover. 
for any martingale M, the process 8(M)  is the exponential martingale process. Finally. 
1 is defined as the column vector of l 's with appropriate dimension. 
2. Why hedging is not possible 
In this section, we go over a simple heuristic example to show why markets are 
incomplete when asset returns can have discontinuities of unpredictable size. This is 
true regardless of the number of securities available for trading. For simplicity, we 
consider only jump uncertainty in the market. Jump-diffusion uncertainty would then 
only add to the incompleteness. 
The financial market has one riskless and one risky asset, the latter being subject o 
uncertainty arriving in the form of random jumps. The jump process {N(t,z),t>~O} is
a Poisson process with rate 2 and a random jump size z, distributed over ( -  I, ~) .  To 
keep things simple, we assume that all coefficients are constant. 
The price of the riskless asset is given by dPo(t )= Po(t)rdt ,  for some interest rate 
r. The price of the risky asset Pl ( t )  evolves as 
dPl( t )  = P l ( t - ) (bdt  + a(zdN(t ,  dz)  - 2~t)), (2.1) 
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where e is the expected jump size, b is the appreciation rate, and a is the volatility of 
the asset price to the jump. 
Consider a contingent claim C, such as an option, whose final payoff at some time 
T depends only on the price of the risky asset. By standard arguments, it can be shown 
that the price of the claim at any time is a function of the price of the risky asset and 
of time, i.e., C(Pl(t) ,t) .  The generalized Ito's lemma (Protter, 1990, p. 74) applied to 
this price process leads to 
dC(t) = Cp~(Pl(t - ) , t )dP~(t)  + Ct (P l ( t - ) , t )d t  
+{C(P1 (t), t) - C(PI ( t - ) ,  t)}, (2.2) 
where P~(t) is the continuous part of P1 (t), and the subscripts denote partial derivatives. 
Let us assume that the claim can be hedged by some predictable replicating portfolio, 
with n shares of P1 and the remaining part in the riskless asset. We must then have 
dC(t) = re(t) dPl (t) + (C(t) - zc(t)P1 (t))r dt. (2.3) 
Substituting (2.1) into (2.3) and comparing the coefficient of the jump terms in (2.2) 
and (2.3), we obtain 
C((1 + aZ)P l ( t -  ), t) - C(P1 ( t -  ), t) = zc(t)~rzPl(t- ). (2.4) 
Eq. (2.4) has to hold for any possible value of z. This can be true only under two 
possibilities. First, it is satisfied if C is a linear function of Pl at all realizations of 
z, which by the linearity of the returns requires the payoff function to be linear over 
those points. An example would be a forward or a future contract. Any option payoff 
would violate this requirement. A second possibility is that for each time t,z can take 
only one value, with which (2.4) could be inverted to get 72. The value of the jump 
may depend on the full history up to that time, but it must be a predictable function. 
Merton (1976) was the first to point out such problems with discontinuous returns. 
His model had an essential incompleteness due to the fact that there were two sources 
of uncertainty, a Brownian piece and a Poisson piece with arbitrary jump sizes. Yet, 
even if the Brownian piece were not present, the problem of incompleteness would 
remain. Pricing would require some knowledge of investor attitude to jump risk, which 
in Merton's case was assumed to be risk-neutral. 
Since one jump possibility can be hedged with one risky asset, can we then hope to 
hedge a source with two jump values, using two risky assets, or in general to hedge 
a source with n jump values using n risky assets? We show that it is not possible. I f  
there were two risky securities P1 and P2, we would arrive at the equation 
C((1 + ~rlz)Pl(t- ),(1 + cr2z)P2(t- ),t ) -C (P l ( t - ) ,P2( t - ) , t )  
= ~l(t--)~rlzPl(t--) + rr2(t--)a2zP2(t--). 
Let the two values of z be 21 and z2, then the RHS is in the ratio of 21 to z2, while 
the LHS is not. Again, we are not able to pick out values of ~1 and n2 that satisfy the 
equation for both jump possibilities. Hence it is clear that with two jump possibilities, 
there is no hedge reyardless of  the number of  securities tradin9 in the market. 
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Notice that if the two jumps were from different processes, each with a unique jump, 
and the o- i terms were different for different processes, it would be possible to invert rr 
to get ~ and ~z2. In that case, we need as many securities as there are jump processes. 
In essence, we have to be able to distinguish between the impact of different jump 
sizes on the portfolio. It is this case that is studied by Bardhan and Chao (1993, 1995), 
Jeanblanc-Picque and Pontier (1990), Xue (1991), among others. Similarly, if there is a 
single jump process but the return on the securities are nonlinear with respect o jump 
size, it would again be possible under special cases to invert the system and determine 
a hedge. This case is however absolutely analogous to having multiple jump sources, 
each with a unique jump size, and thus falls in the earlier category. Jarrow and Madan 
(1991, 1992) consider models with infinite number of securities that have a spanning 
property over continuous jump distributions, which allows them to complete the market. 
A final possibility is to allow the portfolio position to change automatically with jump 
size. This would require some contingent arrangement for insurance in the portfolio, 
such as in the event of a crash, the exposure is reduced or increased. Unfortunately, in 
this case, at least one of the fundamental assets has to be a contingent claim. Naik and 
Lee (1990) characterize such hedging policies, though they use equilibrium arguments 
to price options. 
In summary, if the jump size is predictable, then the market can be completed like the 
pure diffusion case, by introducing as many securities as there are uncertain sources 
such that the securities span the uncertainty. When security returns can jump with 
unpredictable size, the market cannot be completed with any number of securities 
There is an essential incompleteness in the market and contingent claims cannot be 
exactly priced with arbitrage arguments. 
3. The financial market 
Uncertainty in the financial market is assumed to enter through the components of 
a RJ-valued Brownian motion W = (W1,...,  Wa) T, and the components of a (n - 
d)-dimensional multivariat6 marked point process N(t, z) = (N1 (t, z) . . . . .  Nn d(t, z))7 
defined on a probability space ((2,~-,P). Together, there are n sources of uncertainty 
present. The time horizon is from 0 to time T. 
~(k)  z(~)~, n>~l}, where t~ k) is the The jump process Nk is a sequence of pairs Lt~ , ~ j, 
time of the nth jump, and z(~ k) is the size of the shock conditional on the jump having 
occurred. Nk(t,z) represents the number of type k jumps of size z up to time t. For 
simplicity, we shall assume that Nk admits stochastic intensity with local character- 
istics 2/,(t) and ~bk(t, dz). in simple terms, )ok(t) is the rate of the jump process at 
time t and q~k(t, dz) is the probability density of getting a jump of size z, given that 
there is a jump at time t. The processes 2k and ~b~ are stochastic but are assumed 
to be predictable in t. Furthermore, the rate 2k is strictly positive and bounded. We 
require the jumps to be strictly greater than -1  in order to satisfy limited liability 
requirements. We use ~k(t) ~ f~z4k(t,  dz) and :~]2)(t) ~ f¢z2dpk(t, dz)  to represent 
the first and second moments of the jump size given that it occurs at time t. These 
moments are assumed to be finite for all t and o0. Define dq~(t, dz) ~ dN~.(t,z) 
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2k(t)49(t, dz)dt  to denote the martingale differential associated with the kth point pro- 
cess and Qk(t) = fo f~zdqk(s ,  dz) denotes the contribution of the kth jump process 
to asset returns. Let 2(t) = (21 (t) . . . . .  2n_a(t)) T, 49(t, dz) = (491 (t, d z) . . . . .  49n-d(t, dz))  T, 
o~(t) = (~1 (t) .... , O~n_d(t)) T, 0d2)(t) = (~{2)(t) .... , O~(n2)_d(t)) T, q(t, d z) --- (ql (t, d z ) . . . . .  qn-d 
(t, d z))T and Q(t) = (Q1 (t) . . . . .  Qn-d(t)) T. The vector q(t, dz) is the jump differentials 
of all the jump processes. The martingale differentials are assumed to be strongly or- 
thogonal to each other and the jump processes share no common jumps. We shall 
frequently use results from marked point processes, and we refer the readers to Bre- 
maud (1980, Ch. VII I)  for details. 
The flow of information in the market is represented by the filtration { f i}  generated 
by the n sources of uncertainty, i.e., f i  = o~ W V ~N.  Unless otherwise specified, all 
processes are assumed to be adapted to {fit}. 
The market has m + 1 securities being traded continuously. One of these is a riskless 
asset with price Po(t) given by 
dPo(t) = Po(t)r(t) dt, P0(0) = 1, (3.1) 
where r is the riskless interest rate. The other m securities are subject to the uncertainty 
in the market, with the price of the ith risky asset Pi(t) governed by a linear stochastic 
differential equation 
dPi(t) =P i ( t - ) (b i ( t )d t+aw(t )dW(t )+aq( t )dQ( t ) ) ,  i=  1,. . . ,m, (3.2) 
where bi is the appreciation rate and a~'(t), a/q(t) are the ith row vectors of aW(t), ~rq(t), 
which represent the volatilities of the assets with respect o the sources of uncertainty. 
The processes r, b = (bl . . . . .  bm) T and the m × n volatility matrix process a(t)  = 
[aw(t),aq(t)] are assumed to be predictable with respect to {f i} ,  and are bounded 
uniformly in (t,~o) E [0, T] × O, with a/qk(t) E [0,1] for all i, k and t E [0, T]. 
Combined with the lower bound on the jumps, this condition ensures limited liability of 
the stock. Finally, we assume that the covariance matrix process a(t)aT(t) is strongly 
nondegenerate. 
From Bremaud (1980), it is clear that the Qk(t) processes are actually P-martingales. 
So, from (3.2) we see that the price process of stock i, Pi, is a semimartingale with 
drift rate bi(t). The discount factor is given by fl(t) = 1/Po(t) = exp{-  for r(s)ds}. 
As we remarked in Section 2, when there are unpredictable jumps, the stock market 
is always incomplete, regardless of whether m is larger than or smaller than n. I f  
m > n, then either the system is redundant, in which case some of the stocks can be 
removed, or the price system is inconsistent, in which case there is arbitrage. This is 
similar to financial markets with only diffusion uncertainty. Thus, throughout he rest 
of the paper, we assume that m ~<n. Define the relative risk-premium as 
O(t) ~ [ Ow(t) 1 = aT(t) (a(t )aT(t) ) - l (b(t )  -- r ( t ) l ) ,  
Oq(t) 
and the modified uncertainty processes 
/0 /0 T = OT(s) ds. (3.3) W(t) = W(t) + Ow(s)ds, Q_(t) Q(t) + 
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The discounted price processes can be written as 
dfl(t)Pi(t) = f l ( t )P i (t - ) ( (bi(t)  - r(t))dt + a~dW(t)  + a/qdQ(t)), 
= f l ( t )n i ( t - ) (a~'dW(t)  + aqdQ(t)), i = 1 . . . . .  m. (3.4) 
4. The family of martingale measures 
It is well-known that any form of market incompleteness implies the existence of 
many martingale measures in the market. Each measure induces a pricing functional 
under which contingent claims can be valued. In fact, the measure can be associated 
with an auxiliary market in which the fundamental securities follow different price 
processes. From our discussion in Section 2, we anticipate that the market with jump 
uncertainty will also admit a family of measures. In this section, we characterize the 
family and relate them to alternative markets. 
We define a martingale (or risk-neutral) measure to be a non-negative measure P on 
(fL-Nr) that is absolutely continuous with respect o P, such that flLPi, i = 1 . . . . .  n, 
are P-local martingales, where L is the Radon-Nikodym derivative of/5 with respect o 
P. We denote the class of  such measures as :~,loc, and the class of  such measures that 
are full probability measures as ~.  Recall that for a semimartingale M, we denote by 
N(M) its stochastic exponential, i.e., it is the solution of  Z( t )= 1 + .Jo Z(s - )dM(s ) .  
Theorem 4.1. Any measure P E ploc if and only if it admits the following density: 
dP .~ = g(M)(t ) ,  
dP 
M(t)  A=- ~t  OT(s )dW(s) -  ~o t (Oq(s) • ().(s) • ~(2)(s))-I )TdQ(s) + H(t), 
(4.1) 
where H is a P-local martingale with H(O) = 0 such that AM(t)  > - 1 Jbr t ~ [0, T], 
and H is orthogonal to the price processes, i.e., 
t C [0, T]; i=  1 . . . . .  m, Pa.s.. 
(4.2) 
(H,  faW(s)dW(s)+/aq(s )dQ(s ) ) ( t )=O,  
In addition, N(M) is a martingale if and only if [' q 2~ °,
The space of martingale measures is determined by the space of local martingales that 
are orthogonal to the price processes, i.e., the amount of  uncertainty that lies outside the 
span of the price processes. We would also like to decompose these orthogonal local 
martingales into component elements generated by the continuous flow of information 
and the discontinuous flow of information. To this end, let us introduce the family F l°c 
of triples 7 = (v,O, q~), such that v(t) = (vl(t) . . . .  , vd(t)) T, O(t) = (Ol(t) . . . . .  On_d(t)) v
and q~(t,z) = (q)l(t,z) . . . . .  q)n_d(t,z)) T are .N-predictable processes, 0 and ~o are strictly 
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positive, ~p(t,z) satisfies 
~ ~ok(t,z)qbk(t, dz )= 1, l<~k<~n-d,  (4.3) 
and, most importantly, the following equation holds: 
~w(t)v(t) + ~rq(t)2(t) • (~(t) - O(t) • ~(t)) = b(t) - r ( t ) l  = a(t)O(t), (4.4) 
where ~k(t) ~= f¢ zq~(t,z)qSk(t, dz) is the expected jump size of type k jump uncertainty 
under the measure/5, and ~( t ) -  (c71(t) . . . . .  $n-d(t)). 
We will see that these triples correspond to martingale measures. For each 7 E 1"~o~, 
define the local martingale 
{/o' Jo' } Re(t ) A= exp - v(s) T dW(s) - 1/2 IIv(s)ll2ds 
n--d 
k=l n~>0 
) × exp (1 - Ok(s)q~k(S,Z)2k(s)~k(s, dz))as . (4.5) 
k J0  , /~  
Since R e is a nonnegative local martingale, it is actually a supermartingale. The subclass 
of 1"1o~ for which R 7 is a true martingale is denoted by 1". 
Theorem 4.2. A measure P E ~loc if and only i f  there exists a triple 7 = (v, zg, ~o) E 
1"~o¢ such that the Radon-Nikodym derivative d/5/dPI~ = Rr. There is a one-to-one 
correspondence between 7 and H in Theorem 4.1. Moreover, P E ~ if  and only i f  
7 E F (i.e., ifR.e is a martingale). 
Theorem 4.2 relates the class of martingale measures ~ with the class of triples 
(v, zg, ~p) E F. Now what can we say about auxiliary markets? Take any triple 7 = 
( v, zg , ~o ) E 1". Define the processes 
/o' W~(t) = W(t) + v(s) ds, (4.6) 
/o' OT(t) = O(t) + 2(s) • (~(s) - O(s) • ~(s)) ds. 
It is easy to show W, 1 and Qr are local martingales under P~, the measure correspond- 
ing to the triple 7. In a market where agent's subjective beliefs are governed by the 
probability measure P~, v is the modified drift of the W process, z9.2 is the stochastic 
intensity of the jumps, i.e., the rate at which they arrive, and q~. ~b is the distribution 
of the jumps sizes. The expected jump size under this measure is given by ~. The 
risky asset price processes follow the stochastic evolution equations 
dPi(t) = P i ( t - ) ( r ( t )d t  + aw(t)dW~(t) + aq(t)dQ~(t)), i -- 1, . . . ,m. 
Thus, agents are indifferent owards risk in the market. Any contingent claim in the 
market is then priced simply by discounting by fl and taking expectations. We cannot, 
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however, create a completed market since the auxiliary markets themselves have mul- 
tiple jump size risk. The only change is that the governing probability measure is one 
under which agents behave in a risk-neutral fashion. 
Notice that all 7 that have the same value for the product 6 ~ • ~, taken pointwise, 
will have identical Q~ processes. In fact, it can be easily shown that all such ;, give 
rise to measures under which expectations of the sum of the jumps, fcl f,s z dX~(s,z), 
are identical. 
Theorems 4.1 and 4.2 are basically alternative formulations of Girsanov's Theorem. 
Similar results can be provided for more general measures (e.g., Jacod and Shiryaev, 
1987; Protter, 1990). Ansel and Stricker (1992) give a characterization of the minimal 
martingale measure for price processes that can jump. The proofs for Theorems 4.1 
and 4.2 are given in the appendix. 
5. Some special cases 
The implications of the results in the previous section are better understood if we 
focus on some special cases. Since the incompleteness is essentially driven by the .jump 
processes, our special cases focus on assumptions about the jump processes. 
Recall that the coefficient matrix has full rank. In particular, when m n, the 
coefficient matrix or(t) = (aw(t),aq(t)) is nonsingular and has an inverse, and when 
n > m, a(t)crv(t) has an inverse. Also note that av(t)(a(t)~rv(t))- l (b(t)-  r ( t ) l )  == 0. 
Let us first concentrate on the case when m = n, i.e., there are as many risky assets 
as there are sources of uncertainty. In this case, it can be checked that (4.4) may be 
rewritten as 
v(t) = Ow(t), (5.1) 
";(t) • (~( t )  - o ( t )  • a ( t ) )  = Oq(t) .  
Notice that there is only one choice for v, indicating that there is no incompleteness 
induced by the Brownian uncertainty. The breadth of the family of measures comes only 
from the extent to which there are different solutions to the second equation in (5.1). 
For the martingale measure to exist, we need to ensure that there is at least one solution 
for (5.1) such that Ok(t, co) > O, (pk(t, dz, co)~>O, V(k,t,(o) E (1 . . . . .  n-d)×[O,T]×LL  
and (4.3) is satisfied. If 2k(t,~o)~k(t,o)) = Oq, k(t,(z)), then necessarily ~2~(t,~)) = O. In 
this case any choice of v~k(t, co) > 0 leads to a valid solution. Otherwise, z2k(t,(o) ¢ 0 
and we rewrite the expression for O as 
~k(t'09) Oq'k(t'60) l<~k<~n-d.  (5.2) 
~k(t, co) - ~(t,  co) 2k(t, co)~k(t, (o)' 
For 0 to be strictly positive, we need 
cq(t, co) Oq, k(t, CO) 
- -  > 
~k(t, ~o) 2~(t, og)~k(t, o9)" 
For example, if jump sizes are positive with probability one, then ~(t ,  co) > O. In this 
case, if 7k(t,~o)- Oq, k(t, co)/,~k(t, o9) > O, any choice of ~o(t, co, z) satisfies O(t,o)) > O, 
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and hence a martingale measure always exists. Other cases are summarized in the 
following theorem, whose proof is provided in the appendix. 
Theorem 5.1. Consider a market where there are as many risky assets as there are 
sources of  uncertainty. Let ~--+ be the set of  (k, t, co) E { 1 . . . . .  n - d} x [0, T] × (2 such 
O0 
that fz=0-~bk(t, co, dz) = 1 (i.e., the jump sizes are nonneyative). Similarly, let 3 - -  
0(3 
be the set of  (k,t, co) E {1 . . . . .  n-d}  × [0, T] ×I2 such that fz=0+ q~k(t, co, dz) ----- 0 (i.e., 
the jump sizes are nonpositive). A necessary and sufficient condition for the existence 
of  a martingale measure is that 
2k(t, co)~k(t, 09) > Oq, k(t, 09), V(k, t, co) E J -+,  
2k(t, co)c~k(t) > Oq, k(t, co), V(k, t, co) E ~- - .  
(5.3) 
It should be noted that when the jump sizes of each uncertain source can all take 
both positive and negative values (i.e., ~-+ = Y -  -- ~), a martingale measure always 
exists. Otherwise, (5.3) needs to be satisfied to ensure the family F is non-empty. 
They have the special feature that all 7 have v _-- 0 and have the same value for z~e. 
Consequently all W. t and Q~ are identical and are respectively equal to /~" and Q of 
(3.3). The associated measures P~ have the same distribution for any linear integral 
of  the jump sizes. They however differ in any nonlinear functional of the jump sizes. 
This harks back to our earlier discussion in Section 2 about the fact that linear payoffs 
can be hedged but nonlinear payoffs cannot be hedged. We will revisit this point in 
the next section. 
I f  m < n, i.e., there are strictly less securities than sources of uncertainty, we seek 
solutions to condition (4.4). In this case, (5.3) is merely a sufficient condition for 
existence. Solutions to the system (5.1) are still valid, so we will denote the family of 
solutions to (5.1) as F0 and F~ °c. These are subsets of the general family of solutions 
to (4.4), which will be more numerous. Indeed, take any n-dimensional predictable 
process p such that tr(t, co)p(t, o9) = aw(t, m)pW(t, co) + tTq(t, co)pq(t, 09) = O. It is easy 
to check that any solution to (5.1) with 0 w and oq replaced on the right by 0 w + pW 
and oq q-pq will also be a valid solution to (4.4). This also shows that even if (5.3) is 
violated, it is possible to find other valid solutions. Of  course, if tr is invertible, then 
p -=0.  
Theorem 5.2. In a market where there are fewer risky assets than sources of  uncer- 
tainty, (5.3) is a sufficient condition for the existence of  martingale measures. 
Now, let us assume that the jump sizes are predictable, viz., if there is a jump in Ark 
at time t, it can take only one value, say ak(t), where ak is some predictable process. 
Another way to express this is that ~bk(t,-) takes values only at the point ak(t). In that 
case, all choices of qgk are equivalent because ~ok(t,z)qb(t, dz) = 1 for z = ak(t), and 0 
otherwise. The distribution of the jumps cannot be changed since the new distribution 
also takes value only at ak(t). This makes perfect sense since for every sample path, 
the value of the jump is known so there is no possibility of a change of measure giving 
rise to another jump possibility. 
1. Bardhan, X. Chao/Stochastic Processes and their Applications 63 (1996) 35 54 45 
Having noted that, there is no loss of generality in assuming that the jump sizes are 
identically one. (5.1) is now further reduced to 
v(t) = Ow(t), 
).(t) - ).(t) • v(t) = Oq(t). (5.4) 
Again we first consider m - n. In this case, a martingale measure xists if and only if 
(5.4) has a solution such that O(t,o) > 0 for all (t,~), which is equivalent o 
Oq(t, e9) < 2(t, co) (5.5 
for all (t,(o). We would then pick 
O(t, ~J~) = )~-l(t, ~)  * (2(t, ~o) - Oq(t,o))). (5.6 
Therefore, (5.5) is a necessary and sufficient condition for existence and uniqueness of 
a martingale measure. Of course, the uniqueness of the measure implies that this market 
is actually complete. This result is consistent with the sufficient condition obtained by 
Aase (1988), Jeanblanc-Picque and Pontier (1990), and Bardhan and Chao (1995), 
among others. 
Staying with the case of predictable jumps, we can induce market incompleteness 
again by removing a few securities, resulting in n > m. Now there may be a number 
of solutions to (5.4). If the boundedness condition (5.5) is satisfied, there is at least 
one legitimate solution given by (5.6). This implies that condition (5.5) is a sufficient 
condition for the existence of martingale measures. 
Another point worth noting is that an incomplete market with predictable jumps can 
be completed, since enough securities can be added to span the risk. The auxiliary. 
markets associated with the martingale measures are then complete markets which can 
be obtained by adding n - m securities in the market, just as in the case of  continuous 
uncertainty. As discussed earlier, this is not so when the jump sizes are unpredictable. 
To summarize, we have the following result. 
Corollary 5.3. Consider a market with predictable jumps in asset returns. I f  there 
are as many securities as there are sources of  risk, condition (5.5) is a necessary 
and sufficient condition Jor the existence and uniqueness of  a martingale measure 
and completeness of  the market. IJ" there are fewer securities than sources of  risk, 
then the market is incomplete and (5.5) is a sufficient condition for the existence 
of  a martin#ale measure. In this ease each martingale measure is associated with .u 
complete market. 
As a final comment on solutions to (5.1), note that the triple corresponding to 
(2) H ~ 0 in Theorem 4.1, is (Ow, O,~o) where 0k(t) = 1 - ~k(t)Oq,k(t)/).~(t)~ k (t) and 
~ok(t,z) = (1 - zOq,k(t)/2k(t)~Z)(t))Okl(t). This lies in F0 if and only if 
Z0q, dt, o)) < ;.dt,~o)~2)(t,~), Vz c j(t,~,~) (5.7) 
for all (t,o~), where J ( t ,o ) )  denotes the space of jump possibilities at (t, eJ), i.e., points 
in ~ where ~b(t, co) places positive measure. I f  Oq, k(t) is positive, then z is bounded 
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from above, and if Oq, k(t) is negative, then z is bounded from below. Of course, z 
is already bounded from below by -1 ,  due to limited liability, as explained earlier. 
Typically, with risk-averse investors, the relative risk-premium process will be positive, 
which implies that the jump sizes are bounded from above. The corresponding risk- 
neutral measure changes the drift in the stock prices to r. I f  the risk-premium is 
positive, then in a sense, the drifts b are greater than r and must be brought down 
by the new measure. In this case, if the jumps are too far upwards, the corresponding 
measure will not be able to bring the stock price drift down to the level we want. 
The opposite is true for the case when the relative risk premium is negative. It should 
also be noted that a sufficient condition for the measure corresponding to H =- 0 to 
be a probability measure is 2k and 7(k 2) both bounded and bounded away from zero 
(Bremaud, Theorem Yl 1, Ch. VIII, 1980). Condition (5.7) will not be true in general. 
Thus, while there may be solutions to (5.1), the triple corresponding to H -= 0 might 
not be one. However, in the absence of jumps or with only predictable jumps, the only 
possible solution of (5.1) is the one coresponding to H ~ 0. In fact, the existence 
criterion (5.5) is equivalent to condition (5.7). 
6. Portfolio strategies 
Up to this point, we have focused on identifying the family of martingale measures 
that arise from arbitrage considerations. Each measure is the price functional in some 
auxiliary market, but claims in general cannot be hedged even in the auxiliary markets, 
which is in contrast with the pure diffusion case. In this section, however, we use the 
family of measures to actually come up with a financing policy in the original market, 
which provides a bound on the price of the claim. This differs from the general approach 
to incomplete markets where the hedging policy is the hedging policy in some auxiliary 
market. 
A particular agent is endowed with initial capital and chooses a portfolio policy n 
and a cumulative consumption policy C. The portfolio process n(t) = (nl(t) . . . . .  7c m 
(t)) T is a ~m-valued {~}-predictable process, satisfying f~ ]]n(t)]]2dt < c~, a.s.P.  
hi(t) is the dollar amount that the agent invests in risky asset i at time t. The re- 
maining part of his wealth is invested in the riskless asset. The consumption policy 
C = {C(t); 0 ~< t ~< T} is an increasing -adapted process with C(O) = O, C(T) < oo, 
almost surely. Any portfolio-consumption choice (n, C) has an associated wealth pro- 
cess X ~'c that evolves as 
x~'C(t)=X~'c(O)+fotr(s)X~'C(s)ds+fotnT(s)[b(s)-r(s)l)ds 
+ ~o'taW(s)dW(s) + fottyq(s)dQ(s)] - C(t) 
=-X~'C(o) + fotr(s)X~'C(s)ds + fotnT(s)crW(s)dW(s) 
/o -~ 7zT(s)tTq(s) dQ(s ) - C(t). 
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The discounted wealth process is given by 
fO 
t 
fl(t)x~'C(t) = x~,C(o) + fl(s)TrV(s)aW(s)dW(s) 
/o' L' 4- [~(S)ztT(s)aq(S)dO(s) -- [3(s)dC(s). (6.1 } 
A portfolio-consumption pair (Tz, C) is said to be admissible if the corresponding wealth 
process of (6.1) satisfies X~,C(T)>~O and X',C(t)>~ -K ,  Vt E [0, T], almost surely, 
for some nonnegative and P-integrable random variable K = KOz, c). Define ,~ as the, 
class of all admissible pairs (~, c). 
Our aim is to construct a financing policy for any consumption plan (C,S), where 
C is an target consumption process and S is an ,Yr-measurable random variable that 
represents the target erminal wealth. We say that a pair (C, S) can be financed if there 
is an admissible pair (~t,E') C ,;d such that C(t)>~C(t), Vt c [0, T], and X"O(T)>~S, 
almost surely. Due to the extra randomness introduced by the jump uncertainty, it may 
not be possible to replicate (C,S) exactly, but we may be able to replicate something 
that finances it. 
To this end, we introduce the process 
L T ] VC'S(t)=ess upEp (T)S 4- fl(s)dC(s)l,~ , t C [0, T]. (6.2) 
~ 
PE:# 
Standard arguments of dynamic programming can establish that, under the assumption 
that vC'S(o) < oo, V c,s is the smallest RCLL process such that vC, S(t)+fto~(s)dC(s) 
is a supermartingale under each /~ E ~,  and vc'S(T)>~(T)S. Moreover, P* ~ :~ 
achieves the supremum in (6.2) if and only if V c,s + .~i~ (s)dC(s) is a martingale 
under P*. 
The following is the main result of this section; its proof is given in the appendix. 
Theorem 6.1. Assume vC, S(o) < ec. Then, the minimum initial capital needed to 
finance the claim (C,S) is given by 
I /o ] vC'S(o) = sup Ep fl(T)S + [3(t)dC(t) . (6.3) PC,'# 
There is' a (zr, C) C ~ such that x~'C(o) = v<S(o), and C>>,C and x~'C:(T) = S, 
a.s.. The evolution of the wealth process is given by 
[ f' ] fl(t)X~'d(t) = ess sup Ep fl(T)S + ~(s)dC(s)[,~ . (6.4) 
PE~ t 
This characterization is similar to the one obtained for diffusion market incomplete- 
ness by El Karoui and Quenez (1992). The inability to hedge perfectly causes the 
required initial capital to be more than a simple discounting of capital under the mar- 
tingale measures. The extra initial capital is consumed over the period giving rise to a 
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consumption stream that is greater than the one required. If vC'S(o) = cx~, it implies 
that the claim cannot be hedged at all. 
Again, let us elaborate on the case when incompleteness is induced only by the 
jumps, i.e., m = n. If we denote the set of probability measures that correspond to 
the set F0 as ~0, then we know that under each measure in ~0, the processes ffz 
and Q are martingales. Thus, if vC'S(t)÷ fo fl(s)dC(s) lies in the span of 1~ and 
Q, then the expectation under every measure in ~0 is the same. Once again, this 
relates to the fact that linear payoffs in the jump sizes can be hedged in this market. 
With nonlinear payoffs, one can intuitively guess at what the financing policy must 
be. Indeed, at any time, the agent can overhedge by hedging the worst possible jump, 
which is locally either the most negative or most positive jump, depending on the 
evolution of the wealth process. Such a hedging policy is possible since predictable 
jumps can be hedged. If however the worst jump is unbounded, it cannot be hedged, 
in which case we anticipate that vC, S(o) = ~.  
Theorem 6.1 can be easily applied to obtain some results on the price of contingent 
claims. A claim is said to be attainable if it can be replicated exactly by some portfolio- 
consumption pair. The corollary below gives upper bound and lower bound for the fair 
price of a contingent claim, and its attainability. Its proof is also given in the appendix. 
Corollary 6.2. The maximum fair price for a contingent claim that offers the con- 
sumption plan (C,S) is given by vC, S(o). I f  the cash delivery process of the claim 
vC, S(t)+ fo fl(s) dC(s) is D[0, T] (integrable under stopping times) under some P E ~, 
then the claim is attainable if and only if every measure in ~ attains the supremum 
in vC'S(o). For bounded claims, attainability is equivalent to every if' E ~ achieving 
the supremum in vC'S(o). Then, the price under every martingale measure is identi- 
cal. I f  (C, S) is bounded above by a claim that is integrable under some P E ~, then 
-v-C ' -S(o)  = infpe~ Ep[fl(T)S + fo r fl(t)dC(t)] represents the minimum fair price 
for the claim (C,S). 
7. Final remarks 
It can be checked that the proofs of Theorems 4.1 and 6.1 do not require the 
martingale representation property of W and Q. Thus, these results hold under a more 
general framework where the Brownian uncertainty and the jump processes may be 
dependent on each other and the filtration itself may be larger than that generated by 
these processes. 
To obtain a better understanding of the underlying structure of the problem, we 
have required the jump processes to admit local characteristics 2k(t) and q~k(t, dz). In 
general, though, as pointed out by the referee, these assumptions can be relaxed. It is 
sufficient hat the jump process has stochastic intensity 2k(t, dz) that satisfies the regu- 
larity condition f~_(0}(lzl2 A 1)2(t, dz) < cx~. (e.g., He et al., 1992). To preserve local 
square-integrability, though, we would impose f~ ]zlZ2(t, dz) < c~. The space F l°c of 
triples 7 = (v,O,q~) is now a space of pairs (v, zg), such that v(t) = (vj(t) . . . . .  Vd(t)) T 
and zg(t,z) = (01(t,z) . . . . .  On_d(t,z)) T are Yt-predictable processes, 0 is strictly positive 
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and (4.4) changes to 
aw(t )v ( t )+aq( t )~,_  d z(2(t, dz ) -O( t ,  dz ) )=b( t ) - r ( t ) l  =a(t)O(t) .  
Other results would be suitably modified as well. 
As indicated earlier, these results represent alternative formulations of Girsanov's 
theorem, and the level of characterization depends on the information about the jump 
processes provided. When more knowledge is known, e.g., local characterization of
jump uncertainty is given, more detailed form of characterization of the martingale 
measures can be obtained. Therefore, there is a tradeoff between the amount of infor- 
mation about the jump processes and the level of characterization f the class of risk 
neutral measures one could offer. 
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Appendix 
Proof of Theorem 4.1. Take a measure l 6 C .~loc. If L denotes the density of P 
w.r.t. P, then L is a positive local martingale under P. Define the local martingale 
M(t)  = JoL - l ( s - )dL (s ) ,  whereby L = 8(M). Now, flPi is a local martingale under 
P if and only if LflPi is a local martingale under P. By the lto rule, 
d(L(t)f l(t)Pi(t)) = L ( t - )  d(fl(t)Pi(t)) + f l (t)Pi(t-  ) dL(t) 
+{alL, ~Pil(t)  - d(L,/~Pi)(t)} + d(L, ~Pi)(t)  
= [L(t -  )f l(t)Pi(t-)(a~'(t) dW(t) + aq(t) dQ(t)) 
+fl(t )P i ( t -  ) dL(t) 
+{d[L, flPi](t) - d(L, flPi)(t)}] + L ( t -  ) f i (t)Pi(t-  ) 
(bg(t) - r(t) )dt + d(L, fiPi)(t). 
We have decomposed the semimartingale LflP i into the sum of a local martingale in 
the square bracket and a predictable process formed by the remaining terms. Now. 
LflPi is a local martingale iff the predictable process is a flat process, which by (3.4) 
is equivalent to 
( /  / ) (b i ( s ) - r ( s ) )ds+ M, a~' (s )dW(s)+ aq(s)dQ(s) ( t )=O,  P a.s.. 
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Using bi - r = aiO = aWOw + aqOq and that 
<f ((,~(s) . ~2)(s))-lOq(s))V dQ(s), / oq(s)dQ(s) > (t) 
= --Jot aq(s)Oq(s) ds, P a.s., 
this is equivalent to 
<M + f OVw(s)dW(s)+ f ((2(s).~(Z)(s))-'Oq(s))T dQ(s), 
/aW(s )dW(s)+/aq(s )dQ(s )>( t )=O,  P a.s.. 
Define the local martingale H(t)  t Y = M(t)  + fo Ow(S) d W(s) + fo((2(s) °~(2)(s))-XOq(s))T 
dQ(s), then (4.1) and (4.2) follow. That z3M(t) > -1 follows from positivity of L. 
Finally, g(M) is a martingale if and only if 
f 
1 = E[N(M)(T)] = JoEe 
which is equivalent to/5 E ~. 
8(M)(T,  m) dP(o~) = ~ dP(m), 
CQ 
[] 
Proof of Theorem 4.2. Consider the martingale M introduced in the proof of Theo- 
rem 4.1. Since it is a local martingale with respect o P, it can be represented as a 
stochastic integral M(t)  = - fo vT(s)dW(s) + fo f~,-" rT(s'z)dq(s, dz), for some pre- 
dictable v and r. This is because under our assumptions of orthogonality and local 
square-integrability, W and each qk have the predictable representation property with 
respect o their own history, and together have the strong representation property with 
respect o the combined history ~t (Protter, 1990; p. 149; He et al., 1992, p. 395). 
Also, since AM > -1,  we have rk(s,z) > -1 for each k and (s,z) E [0, T] × 5¢. 
We set 0k(t) = f~(1 + rk(t,z))~k(t, dz) = 1 + f~ rk(t,z)c~k(t, dz) > 0, and ~pk(t,z) = 
(1 + rk(t,z))/v~k(t) > 0. Then ~&(t,z) satisfies (4.3). Substituting back into the repre- 
sentation of M yields 
/0 M(t)  = - vT(s)dW(s) - °-, (1 - 0(s) • q~(s,z))T dq(s, dz). (A. 1) 
Comparing (A. 1 ) with (4.1), we obtain 
/0 H(t)  = (Ow(s) - v(s)) T dW(s) + (zOq(s) • (2(s) * ~2)(s)) 1 n--d 
- (1  - O(s) • qg(s,z))) T dq(s, dz). 
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By Theorem 4.1,/5 ~ 25aloc if and only if (4.2) is satisfied. Since we have the followin8 
identities 
I . / '  f¢  J'(s,z)dq~(s, dz), f h (s )dW(s) ) ( t )=O,  
I./ f, ef(s,z)dq~(s, dz), f f g(s,z)dq~(s, dz))(t) 
= ./o ~ .1~" f(s,z)g(s,z)2~(s)O~(s, dz) ds, 
for any predictable processes f ,g  and h, and that Q~(t) = Jo f~ zdq(s, dz), we obtain 
(H,/'c~?'(s)dW(s)+ f aq(s)dQ(,))(t) 
= a~"(s)(Ow(s) - v(s))ds + zaqi(s)(zOq(s) * (2(s) * ~2)(s)) 1 
- (1  - v~(s) * qg(s,z)) * 2(s) * qS(s, dz)) ds 
(a)V(s)(Ow(s) - v(s)) + aq(s)Oq(S) aq(s)2(s) * (~(s) - (O(s) • ~(s))) ds, 
where in the last equality we used the fact that under measure /5, the jump sizes 
have distribution function qo(t,z)4)(t, dz ). This is exactly (4.4), since bft )  r(t) :::- 
ai(t)O(t) = a~/'(t)Ow(t)+ aq(t)Oq(t). Thus, the triple 7= (v,O,q)) lies in I'1°% Finally, 
using (A . I )  one verifies that R.; = ~(M). 75 
Proof of Theorem 5.1. To prove 
of  7 ~ /%% v is uniquely given 
~p~(t, co, z) =_ 1, whereby ~k(t,~o) = 
Now, (k, t,~o) ~ ,Y--+ implies 2k(t, 
which in addition to (5.3) ensures 
not in ,Y-+ or J -  . For this case, 
We have three subcases: 
sufficiency, we only need to ensure the existence 
by 0,,. When (k,t,v)) is in 57-+ or .:¢- , we take 
~(t ,  co) and Ok(t, ~o) -- 1 -Oq,k(t, ~o)/)~k(t, ~o)~k(t, c')). 
~) > 0 and (k,t,~JJ) E .Y- implies ~k(t,o)) < 0, 
that O~(t, co) > 0. We need to consider any (k,t,~,.) 
we have . 0- chk(t,~n, dz) e, for some c ~ (0, 1). 
(i) cq(t,(o) : Ou, k(t, ej)/2k(t,~o). We need to choose ~k(t,,)) = 0. Let ,~ ::: 
.Jo "~ z~b(t, ~o, dz) and 8 -  : J'° 1 z(a(t, ~o, dz). Define weights a ~= 6 /(6 c -64  ( 1 - c) ) and 
b z x= _6+/(6 ~, _ 6+(1 _ e)), and the function q0(t, o),z) - a if z/>. 0 and ~p(t, ~,),z) b 
otherwise, then a,b > 0. It is easy to check that (4.3) is satisfied and that :~k(t,o)) = O. 
Now any choice of O(t,~o) > 0 will provide a valid solution. 
(ii) ~k(t,~o) < Oq, k(t,e))/2~,(t, oo). In this case, define qo(t,~o,z) = ~ 1 if z~>0 and 
0 if z < 0. Again, this definition satisfies (4.3) and 5(t, co) = c-1(5 ÷ > 0. We then 
obtain O(t,~o) > 0 by (5.2). 
(iii) ~k(t,~o) < Oq, k(t,~o)/2k(t, oo). Define qo(t,c,),z) = (1 - t ; )  i i f z  < 0 and i f z~O.  
Now, ~(t,~o) = (1 - ~:)-16- < 0 and O(t,e)) > 0 by (5.2). 
This proves sufficiency. 
For necessity, recall that the existence of a risk-neutral measure implies the existence 
of v C F l°c and a positive solution to (5.2). For (k,t,e)) ~ J-+, any choice of q~k(t,o)) 
leads to ~k( t , (~) :  ./ '~ zq~k(t, co, z)~k(t,~o, dz )= fo  zqok(t,z,o~)c~l~(t, co, dz) > 0, from 
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which follows (5.3). Similarly, (k,t,e)) E J - -  always has dk(t,e)) < 0, and thence the 
condition. [] 
Proof of Theorem 6.1. We prove the result by showing that a financing policy exists 
if and only if the initial capital is greater than or equal to vC'S(o). First, we establish 
sufficiency. The proof borrows from the proof of a similar result in E1 Karoui and 
Quenez (1992). Since vC, S(t)+ Jo fl(s)dC(s) is a locally bounded/5-supermartingale 
for some 15 E ~, it can be represented as 
/0' vC'S(t) + fl(s) dC(s) = M(t)  - A(t), 
where M is a locally bounded local martingale under/3 and A is a predictable interesting 
right-continuous process with A(0) = 0, a.s. Consider the subspace generated by the as- 
set prices Mtl, viz., the subspace spanned by fl(t)Pi(t) = f a~'(s) dW(s)+f  a~(s) d~)(s). 
It is easily checked that this subspace is stable (Protter, 1990, Ch. IV, Section 3). 
Hence, if we define M± as the orthogonal to this subspace, M(t) can be written as 
M(t) = M, ( t )+ M±(t). Now, M, can be representated as a stochastic integral w.r.t. 
the asset prices 
/0' M, (t) = ¢~(s)~W(s) d ~(s) + ~T(s)~q(~) d~(s) 
for some {~t}-predictable ~tm-valued process ~(t) = (~T(s),~T(s))X satisfying 
f0 T [lCT(t)~,(t)Ifdt < ~,  a.s.. Furthermore, M i  can again be decomposed as 
M± =ML +ML 
where M~_ is a continuous martingale and Mx d is a pure discontinuous martingale. To 
establish the representation, we begin by showing that M~_ is identically zero. Since 
the process vC'S(t)+ fo fl(s)dC(s) is a supermartingale under each/5,/5 E ~, it can 
be shown that A - (H,M) is an increasing process. Also, because A(t) and (M~_) are 
increasing processes, by the Lebesgue Decomposition theorem, there exists a positive 
process k(t) and an integrable predictable increasing process B(t) such that 
dA(t) = k(t)d(M~_>(t) + dB(t), 
and such that,/5 almost surely, the measure dB(t) is singular with respect o d(M~_)(t). 
Define the process 
tAZn 
f I ( t)  = (1 + k(s)) dMC,(s), 
,10 
where Zn = {inf t E [0, T]; k(t)/> n or (H) (t) >~ n}. Clearly,/~ is a martingale measure, 
whereby 
tA~,, k(s)d<M~_>(s)- (I + k(s))d(M~k)(S )
JO JO 
is an increasing process. This leads to the conclusion that -(MCl )(tA~,) is an increasing 
process, from which we know (M~_> ---- O,/5-almost surely. Therefore M~ ~ O. 
I. Bardhan, )d Chao/Stochastic Processes and their Applications 63 (1996) 35 54 53 
Now let us further decompose M d with respect o the signs of its jumps: 
M =MI +M2, 
where M + and M~_ are the martingales corresponding to the following jump processes: 
I{~M±>0}MJ_ and I{AM~<0IM±, 
where 1{.} is the indicator function. An argument similar to the one above establishes 
that: Mf  ~ 0. Thus, the jumps in the purely discontinuous martingale M j are all 
negative. 
This last piece cannot be shown to be zero, since the corresponding choice of /4 
would not satisfy the condition A/t(t)  > -1 .  We instead have to use the same 
arguments as those in Theorem II.3.1 of El Karoui and Quenez (1992) to show that 
f ( t )  = A(t) - M~(t) is an integrable increasing process. Therefore, vC's(T) can bc 
written as 
f0 vCs(t) = vC'S(o) 4- t~(s)6W(s)dW(s) 4- ~J(s)~q(s)dQ(s) 
- ~(s)dC(s) - f(t).  (A.2) 
Define the {,~-t}-adapted process X as ~(t~(t )  A= vC, S(t). Also define the consumption 
process C" and the portfolio process ~ by 
C(t) A= C(t) + ~(~ df(s) ,  ~z(t) ~- ~(t) [](t)' (A.3) 
where t~ is from (A.2). Then it is easy to verify that X is the wealth process corre- 
sponding to the pair (g, C), with X(0) = vC'S(o) and X(T)  = S. 
To prove necessity, let (~*,C*) be a financing policy for the plan (C,S), Then the 
associated wealth process X* satisfies [J(T)X*(T)>~fl(T)S, and [l(t)X*(t)+ ill [~(s) 
dC(s) is a supermartingale under each/5 E ~.  Since V c's is the smallest such process, 
we have [~(t)X*(t)>>, vC, S(t). With t = 0, we have our result. 
It is easily seen that in the proof above, as well as that of Theorem 4. l, that we do 
not require the martingale representation property of W and Q. Hence, these results 
hold even under a more general framework where the Brownian uncertainty and the 
jump processes may be dependent on each other and the filtration itself may be larger 
than that generated by these processes. [] 
Proof of Corollary 6.2. The characterization f the maximum and the minimum price 
follows easily from Theorem 6.1. vC'S(o) is the maximum price since, above that 
value, a seller of the claim can make a riskless profit by hedging using the strategy ~n 
Theorem 6.1. Similarly, a buyer of the claim will hedge his position by selling the strat- 
egy that dominates the claim ( -C , -S ) ,  whence the minimum price. The integrability 
condition on (C,S) ensures that the claim ( -C , -S )  is bounded from below. 
As regards attainability, if the claim is attainable, then the process f in the proof of 
Theorem 6.1 is a zero process, implying that the process G(t)~= vC, S(t)+jcl fl(s)dC(s) 
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is a local mart ingale under  every /5 E ~.  Since it is D[0, T] under  one such /5 by 
assumption,  it must  be a mart ingale,  whereby  every /5 ~ ~ achieves the supremum 
in vC, S(o). Alternat ively,  i f  any /3 achieves the supremum, then G is a /3 -mart inga le ,  
which can be used to show that E[ f (T ) ]  = 0. Since f is nonnegat ive  nondecreas ing 
process, it must  be identical ly zero, leading to attainabi l i ty of  the claim. I f  the c la im is 
bounded,  then the process G is an a lmost  surely bounded process. Atta inabi l i ty  impl ies 
that it is a mart ingale under  every t5 E ~.  It then fol lows that every mart ingale measure 
achieves the supremum, and thereby the price in every market  is the same. [] 
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